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Analysis of Unsteady Blade Row Interaction
Using Nonlinear Harmonic Approach

T. Chen, P. Vasanthakumar,† and L. He‡

University of Durham, Durham DH1 3LE, England, United Kingdom

An ef� cient nonlinear harmonic methodologyhas been developed for predicting unsteady blade row interaction
effects in multistage axial � ow compressors. Flow variables are decomposed into time-averaged variables and
unsteady disturbances, resulting in the time-averaged equations with the deterministic stress terms depending
on the unsteady disturbances. The nonlinear interaction between the time-averaged � ow� eld and the unsteady
parts are included by a simultaneous pseudotime integration approach, leading to a strongly coupled solution. The
rotor/stator interface treatment follows a � ux-averaged characteristic-based mixing-planeapproach and includes
the deterministic stress terms due to upstream running potential disturbances and downstream running wakes,
resulting in the continuous nature of all parameters across the interface. The basic computational methodology is
applied to the three-dimensional Navier–Stokes equations and validated against several cases. Results show that
this method is much more ef� cient than the conventionalnonlineartime-domainmethods in modeling the unsteady
blade row interaction effects.

Nomenclature
A = surface area
e = internal energy
F, G, H = axial, tangential, and radial � ux vector
h = enthalpy
q = heat conduction
r = radius
S = source vector
t = time
U = conservativevariable vector
u, v, w = axial, tangential, and radial velocities
Vol = cell volume
vmg = grid moving speed
Yp = blade-to-bladepitch
q = density
r = interblade phase angle
s = viscous stress components
x = angular frequency

Subscripts

x , h , r = cylindrical polar coordinates

Superscripts

DW = downstream of the interface
UP = upstream of the interface

= time averaged
= unsteady perturbation
= harmonic amplitude

Introduction

I N the past decade, there have been many investigations on
the computation of nonlinear unsteady � ows in turbomachin-

ery. Most of these investigations analyze rotor/stator interaction in
which the unsteadiness is due to the relativeblade motion.1 7 Some
treat unsteadinessdue to blade vibration8,9 or incoming wakes.10,11
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Most of these investigations use the nonlinear time-marching ap-
proach to calculate unsteady � ows arising from blade row interac-
tions. Despite the increase in the availability of high-speedcompu-
tational resources, viscous three-dimensionalunsteady calculations
in a multistage environment still involve substantial computational
power. The main complicating factor is the problem of applying
periodic boundary conditions for multistage computation in a sin-
gle blade-to-blade passage domain. Consequently, time-marching
methods analyze a multiple-passage domain or the entire annulus
in each blade row. Dorney and Sharma5 proposed the loosely cou-
pled approach by which some reduction in computationaleffort can
be achieved by uncoupling the unsteady interactions between the
blade rows. The system of passage-averagedequations formulated
by Adamczyk12,13 included the effect of deterministic periodic un-
steadiness on the mean � ow through stress terms similar in nature
to the Reynolds stresses. Hall6 combined the mixing plane multi-
stage compressor analysis with the average passage � ow modeling
and also addressed the problem of closure for various stress corre-
lation terms in the average passage approach by proposinga simple
modeling procedure.7

The linear unsteady � ow modeling in the harmonic frequency
domain, on the other hand, offers an ef� cient approach to the com-
putation of unsteady � ows.14 16 However, the nonlinear interaction
between the time-averaged � ow and the unsteady disturbances is
completely neglected in this approach.Therefore, the focus should
be on the developmentof a method that takes advantageof the com-
putationalef� ciency of the linear harmonic method while including
the nonlinear effects of the time-marching method. In a stimulating
framework, Giles17 combined the idea of Adamczyk12 with linear
unsteady � ow modeling to formulate an asymptotic approach in
which the level of unsteadinesswas the small asymptoticparameter.
Unsteady � ow was calculated using the linearized form of the un-
steady Euler equationsassuming that its magnitudewas suf� ciently
small. Changes to the nonlinear steady � ow� eld due to the time-
averaged effect of the linear unsteadinesswere introduced through
the inclusion of quadratic source terms. He18 proposed a nonlin-
ear harmonic methodology in which the time-averaged equations
with the extra stress terms due to nonlinearity were solved simul-
taneously with the harmonic perturbation equations in a strongly
coupled approach. This method has already been shown to predict
� ow unsteadiness due to blade � utter with improvement over con-
ventional methods.19,20 The present work is based on this nonlin-
ear harmonic method to analyze the unsteady blade row interaction
governedby three-dimensionalNavier–Stokesequations.The deter-
ministic stresses are transferred across the interface of the mixing
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planeeffecting the continuousnature of all parameters across the in-
terface. Results are provided for two- and three-dimensionalcases,
demonstrating the prediction capability of the present scheme for
blade row interaction effects.

Numerical Approach
Basic Unsteady Flow Governing Equations

The governingequationsare the three-dimensionalReynolds av-
eraged unsteadyNavier–Stokes equations in cylindricalcoordinates
(x , h , r) in an absolute frame of reference.The integral form of the
equations is

@

@t
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S dVol [Fv nx G v nh Hv nr ]dA (1)

where

U

q

q u

q vr

q w

q e

F

q u

q u u p

q u v r

q u w

q u h

(2a)

G

q v q vmg

q v u q u vmg

[q v v p q v vmg] r

q v w q w vmg

q v h q e vmg

H

q w

q w u

q w v r

q w w p

q w h

(2b)

S

0

0

0

q v2 / r

0

Fv

0

s x x

s x h r

s xr

u s x x v s x h w s xr qx

(3a)

G v

0

s h x

s h h r

s h r

u s h x v s h h w s h r qh

Hv

0

s r x

r s r h

s rr

u s rx v s r h w s rr qr

(3b)

Time-Averaged Equations

The unsteady � ow� eld is decomposed into two parts, a time-
averaged � ow and an unsteady perturbation, for example,

U U U (4)

By substitutionof theprecedingexpressionfor theconservativevari-
ables into the integralform of the unsteadyNavier–Stokes equations
and by then time-averagingthem, the resultant time-averagedequa-
tions are given as
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Comparisonbetween the time-averagedequations and the steady
form of the original unsteady equations shows that the time-
averaginggenerates extra stress terms in the momentum and energy
equations due to nonlinearity, as formulated in the framework by
Adamczyk.12 Nonconservative variables can be worked out from
time-averaged conservativevariables, for example,

u ( q u q u )/ q (8)

For the present work, it is assumed that the laminar and turbulent
viscosity coef� cients are frozen during time averaging, unaffected
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by unsteady� ows. As a result, the viscous terms are in a linear form
except for those concerning the work done by viscous stresses in
the energy equations.The standard Baldwin–Lomax mixing length
model is used for modeling the turbulence.21

Unsteady Perturbation Equations and Harmonic Formulations

The equations for unsteady perturbationscan be obtained by the
difference between the basic unsteady-�ow equations (1) and the
time-averagedequations (5). By further assuming that the unsteady
perturbations are dominated by the � rst-order terms, the unsteady
perturbation equations can be formed by collecting all of the � rst-
order terms, which gives
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Without loss of generality, the work presented in the rest of the
paper considers only one periodic disturbance in a harmonic form:

U Ue i x t (12)

The resultant � rst-order harmonic perturbation equations can be
written as

i x U dVol [F nx G nh H nr] dA

S dVol [Fv nx G v nh Hv nr ] dA (13)

All of the parameters in Eq. (13) are space dependent only because
the equations are cast in the frequency domain.

Solution Method

A pseudotime variable t is introduced to the harmonic pertur-
bation equations, as well as the time-averaged � ow equations, as
originally proposed by Ni and Sisto.22 The advantage of introduc-
ing pseudotime dependence is that the ef� cient time-marching in-
tegration schemes extensively developed for steady � ows can be
made use of. Because only the “steady state” is desired for both
equations, the multiple-grid technique can be used to accelerate the
computations.

The spatial discretization for the equations is the cell-centered
� nite volume scheme. To suppress numerical oscillations, second-
and fourth-order adaptive smoothing is used in streamwise, pitch-
wise, and radial directions. The pressure sensor in the numerical
damping is corrected for the nonlinear effect using an approximate
formulation.18

Because the time-averaged equations and the unsteady pertur-
bation equations are interdependent, a coupled solution procedure
is adopted in the present investigations. The two sets of equations
are integrated simultaneously in pseudotime using the four-stage
Runge–Kutta scheme.This strongcouplingprocedureprovideshigh
stability that is particularly useful when interaction between time-
averaged � ow and unsteady perturbations becomes strong. Details
about this coupling method can be found in previous papers.19,20

Boundary Conditions
Similar to steady method, the nonlinear harmonic method needs

only a single blade-to-bladepassage domain for a multistage calcu-
lation.Boundaryconditionsare requiredfor inlet, exit, periodic,and
solid wall boundaries and for the interfacebetween two blade rows.
Two kinds of boundaryconditionsneed to be speci� ed here, one for
the time-averaged � ow and the other for the harmonic perturbation
� ow.

For the time-averaged equations, stagnation pressure, stagna-
tion temperature, and � ow angles are speci� ed at the stage inlet,
whereas static pressure is speci� ed at the stage exit, and local one-
dimensional nonre� ecting boundary conditions are used. However,
a two-dimensionalnonre� ectingboundarycondition,originallypro-
posed by Giles23 has been implemented on both sides of the inlet
and exit at the interface. It has been found necessary when the blade
row gap is very small. On the solid wall, the time-averaged veloc-
ities are allowed to slip, and an approximate form of the log law
is used to calculate the time-averaged wall shear stress.24 For the
harmonic perturbation equations, the phase-shiftedperiodic condi-
tion is implementedat the upper and lower periodicboundaries.The
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unsteady perturbation to wall shear stress is obtained by linearizing
the approximate log law. Two-dimensional nonre� ecting boundary
conditions are adopted at both inlet and exit far-� eld boundaries for
the harmonic perturbations.

Rotor/Stator Interface Treatment

At an interface,unsteadydisturbancesfor each blade row are ob-
tained by a Fourier transform of pitchwise spatial nonuniformity
of an adjacent blade row. At the inlet to the downstream row, in-
coming wake perturbations,in terms of velocities (axial, tangential,
and radial), pressure, and density, are produced by a spatial Fourier
transform of the time-averaged nonuniform � eld of the outlet from
the upstream row. At the outlet from the upstream row, upstream
running potential disturbancescan be produced by a spatial Fourier
transform of the time-averaged nonuniform � eld at the inlet to the
downstream row. All of the upstream and downstream unsteady
harmonic disturbances can then be speci� ed in the nonre� ecting
boundary treatment.

For time-averaged� ow, a nonre� ecting � ux-based approachpro-
posed by Saxer and Giles25 is adopted. The advantages of this
scheme are that it is numerically robust and conserves the total
mass, momentum, and energy � uxes across the interface plane ac-
curately. In the presentwork, the original Saxer and Giles approach
has been modi� ed to include the deterministic stresses in the total
� uxes due to unsteadiness.The extra stresses due to � ow unsteadi-
ness are easily seen as the last terms on both sides of the momentum
and energy � uxes [Eq.(14)].
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In the current approach, the deterministic stress terms are conve-
niently updated using the harmonic amplitudes of unsteady distur-
bances at both the inlet and exit. The rest of the procedure follows
exactly the sameway as proposedbySaxer and Giles.25 These � uxes
with unsteady effects are then used to de� ne the � ux-averaged� ow
variables and associated characteristics.Any imbalance in the total
� uxes will manifest itself as a jump in the characteristics and will
be corrected to ensure the total conservation across the interface in
a nonre� ecting manner.

Numerical Results
Flat Plate

The � rst test case is wake/blade interaction in a uniform inviscid
steady � ow past an unloaded � at plate cascade. The advantage of
this con� guration is that results can be compared with LINSUB, a
widely used linear inviscid analytic program.26 The � at plate cas-
cade has a pitch/chord ratio of 0.5, stagger angle of 30 deg, and a
mean � ow Mach number of 0.7. The wake has a pitch that is a factor
of 0.9 smaller than the blade, and the � ow angle in the wake frame
of reference is 30 deg. This result was obtained for a high reduced
frequency (based on axial velocity and axial chord) of 13.96 and an
interblade phase angle of 400 deg. A very � ne computational mesh
of 400 50 was used. Figure 1 shows contours of instantaneous
entropy throughout the � at plate cascade. Figure 2 shows the com-
parison of the complex pressure jump distributions between linear
harmonic method and LINSUB. Fairly good agreement is obtained
for both real and imaginary parts. This test case demonstrates the
basic validity of the linear unsteady perturbation solver.

Fig. 1 Contour of entropy in � at plate.

Fig. 2 Complex pressure jump for � at plate.
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Fig. 3 Two-dimensional mesh for DLR compressor stage.

Fig. 4 Entropy contours calculated by nonlinear time marching and
nonlinear harmonic (� rst and second orders).

Two-Dimensional Computation of DLR Compressor Stage

The second test case is a two-dimensionalcomputationof DLR’s
single stage compressor.27 It consists of 28 rotor blades of pro� le
R030 and 60 stator blades of pro� le NACA65. Here the stator blade
number is reduced from 60 to 56, giving a blade count ratio of 1 : 2.
The validationhas beencarriedout for two different� ow conditions,
one for transonic � ow with a rotating speed of 20,260 rpm and the
otherfor subsonic� ow with a rotatingspeedof 15,000rpm.Because
of space limitations,most of the numerical results are shown for the
subsonic � ow condition, and only the deterministic stress is shown
for the transonic � ow condition. A 110 35 mesh for rotor and
a 90 35 mesh for stator, shown in Fig. 3, have been used in both
subsonicand transoniccases.The mesh at the rotor leadingedge has
been re� ned to resolve the local complex � ow� eld. Considering the
temporal accuracy, 200 time steps are adopted in one blade passing
period as seen by the rotor.

Figure 4 plots the instantaneous entropy calculated by both
the nonlinear time-marching method and the nonlinear harmonic
method. With the � rst two orders of perturbation, the nonlinear

Fig. 5 Mixing loss across the interface bysteady method and nonlinear
harmonic method with � rst order, � rst two orders, or � rst � ve orders
of wake perturbation.

harmonic method represents reasonably well the wake passing the
interface, propagating downstream. However, its range is slightly
thicker than that of the nonlinear time marching. This is acceptable
considering that only two orders of wake perturbation are included
in the stator. Signi� cantly, the nonlinear harmonic method has cap-
turedthephysicalphenomenonof “wake stretching”insidethe stator
passage.

Figure 5 shows the comparison of mixing losses across the in-
terface between the steady method and nonlinear harmonic method
with � rst order, � rst two orders, and � rst � ve orders of wake per-
turbation.Loss is expressed in terms of exp( S / R), where S is the
entropy and R is the gas constant. In steady calculation, only the
averaged� ux can be transferredat the interface,and the nonuniform
wakeat the rotorexit is completelymixed out, so nonnegligiblemix-
ing loss is generatedacross the interface.With only � rst-orderwake
perturbation,the nonlinearharmonicmethodcan recovernearlyhalf
of the mixing loss. With the � rst two orders of wake perturbation, it
can recover about 90% of the mixing loss. However, with the � rst
� ve ordersof wake perturbation,it can recoverall of the mixing loss.
“Harmonic convergency” has been achieved. This result is consis-
tent with the Fritsch and Giles analysis.28 On the other hand, the
CPU time increases correspondingly by including more orders of
harmonic perturbation. The � rst two orders of harmonic perturba-
tion seems to be the best balance between the cost and accuracy of
wake representation.

Because no experimental results for unsteady� ows are available,
this test is compared with a nonlinear time-marching method. For
the nonlinear harmonic method, deterministic stresses can be pro-
duceddirectlyfrom the complexamplitudes.For the nonlineartime-
marching method, deterministic stresses are time averaged in one
bladepassingperiodseen in the stator.Also, theircontributionsfrom
� rst-orderunsteadyperturbationsare producedby temporal Fourier
transform. All of the deterministic stresses are nondimensionalized
by the inlet dynamic head.

Figure 6 shows that the deterministic stress ( q u) u of � rst-order
unsteady perturbationpredicted by the nonlinear harmonic method
agrees quite accurately with that by the nonlinear time-marching
method in the subsonic � ow condition. In Fig. 7, the full stress
distribution (for the nonlinear harmonic method, it is contributed
from the � rst and second orders) shows a good match between
the two methods. Both methods have predicted the trend that the
stress is quite nonuniform in the area before the leading edge,
mainly due to the strong potential disturbance. Based on the au-
thors’ knowledge, there have been no previous results showing this
trend.

The nonlinear harmonic method predicts successfully the trans-
port and development of the deterministic stress ( q u) u in the
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Fig. 6 Deterministic stress (½u) 0 u0 for DLR stator in subsonic � ow condition (� rst order).

Fig. 7 Deterministic stress (½u) 0 u 0 for DLR stator in subsonic � ow condition (full stress).

Fig. 8 Deterministic stress (½u) 0 u0 for DLR stator in transonic � ow condition (full stress).

� ow� eld, and the � rst two orders of perturbations dominate the
deterministic stress, which is consistent with the previous analy-
sis that the � rst two orders of unsteady perturbations can recover
about 90% of the mixing loss. Similar good comparisonshave been
achieved for all of the other deterministic stresses.

For the transonic � ow condition, similar entropy distributionand
mixing loss recoveryhave been demonstrated,but only the distribu-
tion of deterministicstress ( q u) u is presented in Fig. 8. Consistent
agreement between the nonlinear harmonic method and nonlinear
time-marching method has been achieved.

Further comparison between the two � ow conditions shows that
the distributionof ( q u) u in the subsonic � ow condition (Fig. 7) is
quite different from that in the transonic � ow condition (Fig. 8). It
suggests that the stress distributiondepends strongly on the operat-
ing condition.

Three-Dimensional Computation of DLR Compressor Stage

The three-dimensional test case is similar to the earlier two-
dimensionalsubsoniccase,with a radial mesh of 39 cells.The com-

pressor works in subsonic condition with a mass � ow of 13.9 kg/s.
Figure 9 shows a side view of the three-dimensional compressor
stage. Calculationshave been carried out by three methods, namely,
steady, nonlinear time-marching, and nonlinear harmonic methods.
A multigrid technique has been activated for acceleration in all of
the three methods. Both time-averaged and unsteady � ow� elds of
the whole domain have been worked out.

Figure 10 shows the radial distribution of pitch-averaged static
pressure across the interface. Steady method generates a pressure
jump between the rotor exit (long dash line) and the stator inlet
(dash dot line), which is due to the mixing of wake blockage. It is
observedthat the pressurejump at the lower half is larger than that at
the upperhalf, and it reachesmaximum at the heightof around 25%.
This is becausewakeblockageis strongerat the lowerhalf,where the
vertical interface is nearer to the rotor exit. However, the nonlinear
harmonic method produces continuous pressure distribution at the
interface.At each height section, the pitch-averagedpressureby the
nonlinearharmonic method is lower than that by the steady method.

Deterministic stresses at the midchord plane of the stator
have been compared between the nonlinear time-marching and
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Fig. 9 Side view of DLR compressor.

Fig. 10 Pitch-averaged pressure across the interface.

nonlinear harmonic method. Figure 11 shows a very good match of
deterministic stress ( q u) u between the nonlinear time-marching
method and the nonlinear harmonic method. In addition, Fig. 12
shows a fairly accurate match of ( q u) v between them. Consistent
comparisons have been achieved for all of the other deterministic
stresses.This demonstrates that the nonlinearharmonic method can
consistently capture the effects of nonlinear unsteadiness in three-
dimensional � ows.

The nonlinear time-marching solution of three-dimensional un-
steadyviscousmultistageturbomachinery� ow is well recognizedas
beingvery time consuming.Even for a stagewith a bladecount ratio
of 1:1, an unsteady time-marching calculationwould typically take
15 times more CPU time than that required for the steady one.29 In
the present test case, with the � rst two orders of wake perturbations
and the � rst order of potential perturbation included, the nonlinear
harmonic method takes � ve times more CPU time than the steady
method. Thus, for a stage with unit blade count ratio, the nonlinear
harmonic method can be three times more ef� cient than a nonlin-
ear time-marching method. Note that, for the nonlinear harmonic
method, only one passage has to be calculated for each blade row,
independent of the blade count ratio. However, for the nonlinear
time-marching method, a multipassage (even whole annulus) do-
main has to be adopted. Thus, for general practical situations, the
nonlinear harmonic method, although retaining most of the non-
linear effects, should be much faster than conventional nonlinear
time-marching methods. The gaining factor in computational ef� -
ciency will be in proportion to the number of passages adopted in
the time-marchingcalculations.Typically,a factorof 20 or so would
be expected.

Fig. 11 Deterministic stress (½u) 0 u0 on axial plane at stator midchord.

Fig. 12 Deterministic stress (½u) 0 v 0 on axial plane at stator midchord.

Conclusions
A new nonlinear harmonic method has been developed for aero-

dynamicanalysisof unsteadymultistageturbomachinery� ows.The
computeddeterministicstressdistributionsformultirowcompressor
con� gurationsare comparedto thosebyusinga fullynonlineartime-
marchingmethod. For both two-dimensionaland three-dimensional
compressor stage con� gurations,wake and deterministic stress dis-
tributions have been predicted to good agreement. With the � rst
two orders of wake harmonic perturbations, about 90% mixing
loss could be recovered at the interface. In terms of computa-
tional ef� ciency, the nonlinear harmonic method is about three
times more ef� cient than a typical nonlinear time-marching cal-
culation for a single blade-to-blade passage domain. Given that a
singlepassagedomain can always be used for the frequency-domain
method, whereas a multipassage (even whole annulus) domain
might have to be adopted for a conventional time-domain method,
the presentnonlinearharmonicmethodcouldbe faster by as manyas
20 times.
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Series 1996-05, von Kármán Inst. for Fluid Dynamics, Brussels, Belgium,
1996.

19Ning, W., and He, L., “Computation of Unsteady Flows Around
Oscillating Blades Using Linear and Non-Linear Harmonic Euler Meth-
ods,” Journal of Turbomachinery, Vol. 120, No. 3, 1998, pp. 508–514;
also American Society of Mechanical Engineers, Paper 97-GT-229,
1997.

20He, L., and Ning, W., “Ef� cient Approach for Analysis of Unsteady
Viscous Flows in Turbomachines,” AIAA Journal, Vol. 36, No. 11, 1998,
pp. 2005–2012.

21Baldwin, B. S., and Lomax, H., “Thin Layer Approximation and Alge-
bratic Model for Separated Turbulent Flows,” AIAA Paper 78-257, 1978.

22Ni, R. H., and Sisto, F., “Numerical Computation of Nonstationary
Aerodynamics of Flat Plate Cascade in Compressible Flow,” American So-
ciety of Mechanical Engineers, Paper 75-GT-5, 1975.

23Giles, M. B., “Nonre� ecting Boundary Conditions for the Euler Equa-
tions,” AIAA Journal, Vol. 28, No. 12, 1990, pp. 2050–2058.

24Denton, J. D., “The Calculation of Three-Dimensional Viscous Flow
Through Multistage Turbomachine,” Journal of Turbomachinery, Vol. 114,
No. 1, 1992, pp. 18–26.

25Saxer, A. P., and Giles, M.B., “Quasi-Three-Dimensional Nonre� ecting
Boundary Conditions for Euler Equations Calculations,” Journal of Propul-
sion and Power, Vol. 9, No. 2, 1993, pp. 263–271.

26Whitehead, D. S., “The Calculation of Steady and Unsteady Transonic
Flow in Cascades,” Dept. of Engineering, Rept. CUED/A—Turbo/TR11,
Univ. of Cambridge, Cambridge, England, U.K., 1982.

27Dunker, R. J., “Flow Measurements in the Stator Row of a Single-Stage
Transonic Axial-Flow Compressor with Controlled Diffusion Stator Blades,
Paper 23, CP-351, AGARD, 1983.

28Fritsch,G., and Giles, M. B., “An AsymptoticAnalysis ofMixingLoss,”
Journal of Turbomachinery, Vol. 117, No. 3, 1995, pp. 367–374.

29Graf, M. B., Greitzer, E. M., Marble, F. E., and Sharma, O. P., “Ef-
fects of Stator Pressure Field on Upstream Rotor Performance,” American
Society of Mechanical Engineers, Paper 99-GT-99, 1999; also Journal of
Turbomachinery (to be published).


